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This paper deals with two topics, namely, frames and pairwise balanced designs (PBD’s). 
Frames, which were introduced by W.D. Wallis for the construction of (skew) Room squares, 
are shown to exist for most orders con_gruent to 1 (mod 4). This result relies heavily on the 
existence of PBD’s since the set F = {u 1 there is a frame of order u] is shown to be PHD-closed. 
By employing a generalization of the usual recursive construction for PBD’s, it is shown that 
B(5, 9, 13, 17}~B{5, 9, 13)U(69, 77, 97, 137, 237, 277, 317, 377, 569}z{n \ n = 1 (mod 4j, 
n > 0}\{29,33,49,57,93,129,133}, where B(K) denotes the set of orders of PBD’s of index 
one having block-sizes from the set K. Frames of orders 5,9,13 and 17 are exhibited which 
immediately implies tha F~B{5,9,13,17}. D.R. Stinson and W.D. Wallis have shown that 
(29,491~ E Thus there is a frame of order u for every positive integer u congruent to 1 (mod 
4) with the possible exceptions of u E {33,57,93,133}. 
1. Introduction 
The reader may refer to [22] for the definitions of, and results on, Room squares, 
Room subsquares, skew Room squares and skew Room subsquares and may refer 
to [3] for the definitions of, and. results on, Latin squares and pairwise orthogotxl 
Latin squares. Throughout this paper we will refer to a skew Room square 
(subsquare) simply as a skew square (subsquare). 
The term “frame” has been used by W.D. Wallis [22] to refer to arrays, other 
than Room squares, which may be composed with some Room squares to produce 
others. Here we investigate a specific type of frame which can be used in 
connection with skew squares tc produce other skew squares. The frames discus- 
sed here permit us to overcome, at least partially, the restriction that u2 - u3 # 6 in 
the following well-known theorem, which is a generalization of Theorem 1, of [7]. 
[ 161. Sarppose there is a skew square of side uul and a skew square of 
side u2 which has a skew subsquare of side 03. If v2- v3 # 6, then there is a skew 
square of side V&I~ - v3) -I- u3 which contains skew subsquares of side II~, 7.1~ and v3. 
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The restrictim that u2 - u3 # 6 rules out the case where u2 = 7 and u3 = I, and 
the construction described below, which is due to Beaman and Wallis [l], permits 
us to circumvent this requirement under appropriate conditions. 
Let a nxain, based on the elements of a set IV, be a 2 by 2 array in which both 
main diagonal cells contain an unordered pair of distinct elements of N and both 
backward diagonal cells are empty. Let a back, based on the elements of IV, be a 2 
by 2 array in which both ceils of the backward diagonal contain an unordered pair 
of distinct elements of N and both main diagonal cells are empty. 
For any set N, iet N’ be the set obtained by replacing each element a E N by the 
corresponding primed element a’; that is, 
N’ = (la’ 1 lz E Iv}. 
A frame F(II) of order M based on the elements of an n-set N is an n by n 
array, whose rows and columns are labelled with the elements of ZV, having the 
following properties: 
(1) for any ba E ZV, cell (a, a) contains the main 
(2) for any u, A E IV, u-f 6, one of cells (a, 6) (6, a) contains a main and the 
other a back based on NUN’; 
(3,‘ in the resulting 2n by 2n array, for any a, 6 E IV, a # 6, sach unordered pair 
of the forms {a, b}, (a’, 6’1, {a’, b}, {a, 6’) is contained in precisely one cell; and 
(4) in the resulting 2n by 2n array, each row and each column is Latin (that is, 
each of the 2n elements of N U IV’ is contained in precisely one cell of each row 
and of each column). ’ 
The following array, in Fig. 1, which was constructed by Beaman and Wallis [ 11, 
is an F(5) based on {1,2: 3,4,5}. 
Fig. 1 
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Theorem 3.1 (see Section 3) states: if there is a skew square of side Q # 13 
which contains a skew subsquare of side u3 # 0, and if there is a frame F(u,), then 
there is a skew square of side u l (u2 - us)+ u3 which contains skew subsquares of 
sides u2 and u3. 
Thus, if there is a frame F(u,), then this construction replaces the restriction 
u2- u3 # 6 of Theorem 1.1 by the restrictions u2 # 13 and o3 # 0 and sacrifices the 
property that the resultant skew square of side ZJ~(~)~- u3) + u3 have a skew 
subsquare of side u 1. In addition, since there is an F(S), it is possible to construct 
skew squares of or’clers 5(u2 - u3)+ u3, under the above hypothesis on u2 and c3, 
\;~Zch cannot, in general, be obtained by Theorem 1.1. 
In Section 3, it is shown that the set 
F = {u 1 t.here is a frame F(u)} 
is PBD-closed in the sense of Wilson [24]; that is, if there is a pairwise balanced 
design with u elements and block sizes in F, then u E F. Frames of orders 9,13 
and 17 are also exhibited which imply that [EB{5,9,13,17}, the closure [24] of 
(5,9,13,17), is contained in E 
In Section 4, we describe an indirect singular product construction for PBD’s 
and in Section 5 we use this construction to produce PBD’s with block sizes from 
(5,9,13). 
In Section 6, it is shown that B{5,9,13} contains all ZJ = 1 (mod 4) with the 
possible exceptions of o E {17,29,33,49,57,69,77,93,97,129,133,13?, 237, 
277,317,377,569} and in Section 7, it is shown that B{5,9,13,17} contains all 
u = 1 (mod 4) with the possible exceptions of u E {29,33,49,57,93,129,133}. 
At present, it is not known whether there exists a frame F(u) for u+ 1 (mod 4). 
Stinson and Wallis [20] have proven that if u = ‘16t2+ 1 or if u is a prime power, 
u E 1 (mod 4), then 21 E F. Thus (29,49}s F as well; that is, 
F Z{U 1 u = 1 (mod 4), u > 0}\{33,57,93,133). 
In Section 8, we employ frames to construct skew Room squares of side u 
containing skew subsquares of side 7 fsr all positive integers u = 7 (mod 24). 
2. Terminglogy 
Throughout this paper we make extensive use of the results arrd notation from 
the literaturt on pairwise balanced design: (PBD) and group divisible designs 
(GDD). The notation and definizions which are not explicitly described in this 
paper can be found in the excellent paper by Richard M. Wilson [24]. 
It is well known [3] that the existence 12.i an ori’alogonal array OA(u, n) is 
equivalent to the existence of n - 2 pairwise orthogonal Latin squares of order u 
and to the existence of a transversal design TD(n, u). Let 
OA(n) = {u 1 there is an OA(u, n)). 
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Lemma 2.1. [23]. rf u# {2,3,6,10,14}, then II E OA(5). 
Lemma 2.2.. If t >4 mui 
t$ {6,10,14,18,20,22,24,26,28,30,33,34,38,42,44,52}, 
then t E oA(6). 
proof. We update the table in Chapter 13 of [21]. Wilson [25] has shown that 
(36,46} c_ OA(6) ; Mills [ 1 l] has shown that .{39,48} C_ QA(6); and Schellenberg, 
van Rees, and Vanstone [ 183 have s:hown 15 E OA(6). 111 
We adapt the notation of Brouwer [2] as follows: for k$ {k,, kZ,. . . , k,), a 
PBD[#,, L.. . , k,, k*}, u] is a PF D[(k,, kZ, . . . , ks, k}, u] containing a unique 
block of size k and for k E { kr ,k2 a . . . , Ii,}, a PBD[{kI, k2, . . ,. , k,, k*}, u] is a 
PRD[&,, k2,. . .v k,), v] containing at lesst one block of cardinality k. Finally, in 
the special case where k = 1, we define a PBD[{k 1, kz, . . . , k,, l*}, U] to be simply 
a PBD[&, kZ, . . . 9 k), 4. 
The set B{k,, kZ,. . . , k,, k”} is defined to be the set of all. integers 2) such that 
there is a PBD[{ kI., kZ, . . . , k,, k*}, u]. 
Using this notation, we can make the following simple observations. For any set 
of positive integers K, if a PBD[K, u] contains a subdesign of order w, then the 
subdesign can be replaced by a single block of cardinality w to obtain a 
PBD[K U {w*}, u]. Though the converse does not hold, it does follow that if there 
is a PBD[K U(w*],, v] and if these is a PBD[K, w], then there is a PBD[K, z)j 
containing a subdesign of order w. 
3. lk’rames 
We begin this section by describing how to compose frames and skew squares 
to obtain other skew squares. 
eorem 3.1 (Beaman and Wahis [ 11. rf there is a skew square of side v2 # 13 
which contains a skew subsquare of side v3 # 0 and if there is a frame F(q), then 
there is a skew square of side vI(v2- II?)+ v3 which contains skew subsyurves of 
sides v2 and u3. 
R= 
A B 
C D 
On the existence of frames 83 
represent a skew square of order u2 based on a set R (the context will make clear 
whether R refers to the Room square or its elements), where A represents a skew 
subsquare of order g3 based on a set A. Since (R \ A( = 2r2 - u,, an even integer, 
we may partition R \ A into two disjoint sets of cardinality $1, - u3), say T and 
T’. Observe that the subarrays B and C contain only elements of TU 7”. 
For any elemi;;ll i, and any set X, let Xi be the set obtained by replacing each 
element x E X by the corresponding subscripted element q ; that is 
Xi=(xi \XEX}. 
Foranyi=1,2,..., ul, let Bi, Ci and Di be the arrays obtained from arrays B, C 
and D respectively, by replacing each element u E T U T’ by its corresponding 
element 4 E Ti U TI. Note that array Di also contains elements of the set A and 
these elements remain unsubscripted. 
For this construction, we also require a pair of orthogonal Latin squares of 
order $(u,- u3). It is well-known that there exist two orthogonal Latin squares of 
order n for all positive integers n # 2,6. If v3 = 1 and u2 # 13, then 
&I,- V3)=$(2)2-l)#2,6 
since u2 3 7. Otherwise 2) 3a 7 and, using the fact that u2 3 3~ -i- 2 [7Jt we obtain 
that 
gZl2 - u3pv3+124. 
Therefore the required pair of orthogonal Latin squares of order $(u, - u,) exists. 
If there exist two orthogonal Latin squares of order 11, one based on the 
elements of a set Y and the other on the. elements of a set Z, let [Y, Z] represent 
the n by n array of pairs from Y x Z obtained by superimposing the two Latin 
squares. From the definition of orthogonal Latin squares, it follows that each pair 
of Y X 2 is in a unique cell of [Y, Z]. 
We are now in a position to construct a skew square of order u~(zJ~- u,) + 2~~. 
Let the frame F(u,) be based on the elements 1,2,. . , q. For any a, b E 
{1,2, l * ’ 9 u,i, a# b, replace the pairs (a, b}, (a’, b’}, {a’, b}, {a, h’} in F(Q) by the 
superimposed orthogonal Latin squares of order ~(wZ- ~3) [T,, Thj, [Ti, Ti], 
[ TL, TJ, [T,, Ti] respectively. Replace the main 
which appears on the main diagonal of F(v,) by the arra:y DQ of order z_J~- u3. 
Finally, we adjoin u3 new rows and columns as shown in .Fig. 2 below. 
9 we now ignore the ordering on those pairs obtained from the superimposed 
Latin squares, the resultant array S can be shown to be a skew s Juare of side 
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v3 columns 
Skew Room square of side 
Fig. 2 
ul(va - zQ+ :.I~. Furthermore, S contains the skew subsquare A of side a3 and the 
ske-w subsquare 
c A BI 
I 
I 
Cl Dl 
. \ 
of side 21~. Cl 
‘Hworem 3.Z The set F = {n 1 there is a frame F(n)} is PBD-closed; that is, if there 
is a PBD[F, &j, then u E F. 
of. Let (/X, ~4) be a PBD[F, u]. We now show how to construct a frame of 
order v based on X. For any block A E & since IA 1 E F, there is a frame FA cd 
order IAl based on A whose rows and columns are labelled with the elements of 
A. Let Fx be the v by v array, whose rows and columns are labelled VI Ith the 
eiements of X, constructed from the frames FA, A E d, as follows: For any x E X, 
place the main 
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into cell (x, x) of F= For any (x, y) E XX Z, .,. # y, there is a unique block A E A! 
containing {x, y}. Place the main or the back contained in cell (x, y) of FA into cell 
(x, y) of FE It can be shown that Fx is a frame of order u and thus u E F. Tl+, 
establishes that F is PBD-closed. q 
We close this section by exhibiting frames of orders 9,13, and 17. Since F is 
PBD-closed, the remainder of the paper is an investigation of B{S, 9,13} and 
B{5,9,13,17). 
The frame of order 9 exhibited below in Fig. 3 is based on the group hg, the 
integers modulo 9. It is used in the paper by Mullin, Stinson and Wallis 1151. 
2'6 6'0 8'7 14’ 
48' 0'3 3'1' 80 
4'8 0'3 31 8'0 
35' 4'2' 0'4 68' 
3'5 42 04' 6'8 
17' 5'6' 70 0'2 
1'7 56 7'0' 02' 
4’2 I 56’ 
83 ! 3'4 
2'1 4'5 
21' 45' 
-+ 
77' 6'1' 
77' 61 
61' 88' 
-t 6'1 88' 
Fig. 3 
We also exhibit a fram(e of order 13 based on Z13. If u’EZ~~ and h E Z13 define 
a’+h =(a+h)’ The frame F(13) is obtained from the mains and backs in the 
zeroth row as fi!lows: if cell (0, gj contains 
the main or the back 
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where {u, U, w, X)E&~UZ~~, then, for h E&, cell (h, h+g) contains 
the main Ei ortheback pi 
respectively. The mains and backs listed below in Fig. 4 are in cells (0, 0), (0, l), 
(0,2), l l * , (0,12) respectively. 
Fig. 4 
The mains and backs in the zeroth row of an F(17) based on Zr7 appearing in 
cells (0, 0), (0, l), (0,2), . . . , (0, 16) respectively are listed in Fig. 5. 
153' , 
15'3 12'8' 
128, p{ w, mi 
tEEI : 
.c 
59’ 114 2 14 
5'9 11'4' -EELI 2'14' - 
Fig. 5 
F(l7) is generated from the zeroth row in a fashion similar to F(13). 
4. An indirect singular product for PBD’s 
In [24], Wilson defines a sub&sign of a PBD(X, &) to be a PBD( Y, 3) such 
that Y c X and 50 c_ J& This implies that the blocks of d-58 contain precisely 
those pairs of distinct elements {x, y} E X where x and y are not both in 1”. We 
define a subdesign of a GDD (X, 3, ~2) to be a GDD (Y, Z9 q) where Y cz X, 
9 c s& and for each group H E %? there is a distinct group G E $9 such that H c Z i” we 
let 3 and %?’ be the set of groups of cardinality at least two of % and %’ 
respectively, then, in general, the PBD (Y, 9 U W) is not a subdesign of the 
PBD (X, ~3 U 3’). 
Note that each block A of a GDD (X’, 5, tss) determines a subdesign consisting 
of that single block with ,:ach element of A constituting a singleton group. Also, 
the existence of k - 2 mt:tually orthogonal Latin squares of order n containing 
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k - 2 mutually orthogonal Latin subsquares of order m implies the existence of a 
TD( k, n) (which is a GDD) containing a sub-GDD TD(k, m). 
The following construction, which is a generalization of the construction Wilson 
has called “adjoining subdesigns” [24, Remark 3.31, has been applied in certain 
special cases by Kalbfleisch, Mullin and Stanton IS;] and by Brouwer [2, Lemma 31 
and has been applied in greater generality by Horton, Mullin and Stanton 
[8, Lemma 11. 
ConstrUction 4.1. Suppose . CX, 9, &) is a GDD which contains a subdesign 
(Y, %‘, Se) such that 
3 = {G,, GZ, . . . , Gl,,}, X={H,,Ip,. * ..,H,}, 
where UJ s 11, and Hi c Gi for i E {I, 2, . . . , m}. Let 2 be a set such that Z n X = 9 
and suppose that for each i there is a PBD(Gi LII 2, Ui) which contains a subdesign 
(Hi U Z, 9i) and for each jtim + 1, m +2., . . . , n} there is a PBD(Gj nZ, Vi) 
which contains a subdesign (Z, Laj). Finally, suppose there is a PBD( Y ‘J Z, 8). 
“hen, for 
(XUZ,@) is a PBD. 0 
If (Y, %, 58) = (p), p), @), then this construction is precisely what Wilson describes 
as “adjoining subdesigns” in [24, Remark 3.31. 
The following lemma is a special case of Construct:ion 4.1. 
Lemma 4.2. Suppose (X, ‘3, ~8) is a GDD, which contains a subdesign (Y, %‘, 98) 
such that the blocks of &\a have sizes from K, each group of G = 
(G,, Gz, . . .? G,,} is of cardinal@ u -2, each group of %T = {If,, I&, . . . , H,} is of 
cardinal@ v - z, and, for i = 1,2, . . . , n, Hi E Gim If ther$ is a PBD[ M U {v”}, u ] 
and if there is a PBD[K, n(v -z)+z], then there is a PBD[K, kt(u -z)+z]. ’ 
Proof. Let Z be a set of cardinality z such that Z n X = @ For i E { 1,2, . . . , n}, 
let (G: U Z, Vi) be z! PED[K U {v*}, u] which has Hi U Z as a block of size v (that 
is, the subdesign (Hi U Z, 9,) consists of the single block Hi U Z). Let (Y U Z, 8) 
be a PBD[K, n(v - z) + z]. ‘Then (X U 2, S), 2s defined in the above construction, 
is a PBD[K, n(u --z)+ z]. q 
The following two constructions describe the sub-GDD’s that exist when we 
apply Wilson’s Fundamental Construction [243. In light of Construction 4.1, such 
sub-GDD’s are of interest to us. 
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Con&~&on 4.3. Let (X, 9, d) be a “master” G DD which contains a sub- 
GDD (Y, 5, %‘). Let a positive integral weight s, be assigned to each point n E X. 
Let (S, 1 x E X) be pairwise disjoint sets with &I = s,. With the notation SZ = 
UXEZSX, for Zc,X, let 
x* = s,, Y”=Sy 
9* ==(S, 1 @Ezf), S*={s, 1 GET}. 
For A E J$, we have a natural partition HA = (S,, {Sx I x E A}). We suppose that 
for each block A E .Q, a GDD 
(SA, (SA 1 x E A), 9,) 
is given and we put 
Then (X”, Y*, &*) is a GDD with a sub-GDD (Y”, Tkk, %*) and also, for each 
A E &, a sub-GDD (SA, {S, 1 x EA}, 9,). Furthermore, if, for each A E&, 
contains a block of size IAI, then it is possible to construct a PBD (X*, Sp”, &*) 
which also contains a sub-GDD isomorphic to (X, 9, Ss) and thus, of necessity, a 
sud-GDD isomorphic to (E’, 9,%). Cl 
Co~~~truction 4.4. Let (X, 9, d) be a “master” GDD and let a positive integral 
weight s, and a non-negative integral weight t, s s, be assigned to each point 
x E X. Let (S, I x E X) be pairwise disjoint sets with lS,J = s, and, for each x E X, 
let Iyx c Sx such that !‘I&/ = t,. With the notation SZ =I U xCz Sx and T’ = U xEZ TX, 
for Zc,X, put 
x* = sx, Y* = T,, 
9* -(S, I GEV’} and S*={TI I GEzY}. 
For each A E &, we have the natural partitions I7* = (S,, {S, I x E A}) and II; = 
(T’, {TX 1 x E A}). We suppose 
(SAY {s,z I X E Ah%) 
containing a sub-GDD 
(‘TAT {T, 1 X E Al, VA) 
Put 
that for each block A E J& there is a GDD 
&* = U 5&, and %*= U $&. 
AEd AE54 
Then (X", Y", d*) is a GDD which contains a subdesign (yl*, T”, U*) and also, 
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for each A E&, contains a subdesign (S,, {& 1 x EA},%~J and a subdesign 
( TA, (7” 1 x E A}, VA). Furthermore, if 9&, \ VA contains a biock of size IA 1 for 
each A E J$ then (X”, sP*, d*) contains a subdesign isomorphic to (X, 3, &) and if 
%A contains a block of size IA\ for each 11 E .& then (p, y*, %*) contains a 
subdesign isomorphic to (X, Ep, &). 0 
As an application of these corastructjms we 
for (balanced incomplete) block designs with 
describe the following construction 
block size k and index A = 1. 
Theorem 4.5. If there is a B[k, q], a B[k, v1(v3- a) +aj, and a PBD[{k, $1, v,] 
and if there is a TD(k, v2 - a) containing a sub-GDD TD( k, v3 - a) then there is a 
B[k, ~&_+-a)+ a] which contains subdesigns of orders va and 2; &:,-a) f a. 
Furthermore if there is also a B[k. v,] containing a subdesign of order v3 and 
also a B[k, v1(v3- a)+ a] containing a subdesign of order v3, then there is II 
B[k, vl(vZ-a)+a] conlaining subdesigns of orders vl, v2, v3 and v&-a) ta. 
Pr&. Let (X, 9, sB> be the GDD obtained from a B[k, VJ (X, ,4) by letting each 
group of 9 consist 0; a single element of X. We now apply Construction 4.4 using 
(X, 9, &) as the master GDD. 
Each element x E X is assigned the weight s, = v2 - a and the weight tx = v3 - a. 
For each A E SB, let (S,, {S, 1 x E A}, 3J be a TD(k, v2- a) containing a 
TD(k, v3 - a) as the sub-GDD (TA, (T, 1 x E A}, %,). 
The resultant design (X*, Sp’, &*)l has IX*1 = v1(u2 -a), has block size k and is 
of type ((v2 - a)“l). Since, for each A E ~4, %A \ %A contains a block nf c+ 
k = IAI, (X*, 3’*, d*) contains a subdesign isomorphic to (X, 9, J$). 
We now apply Construction 4.1. to this GDD (X*, 9’*, &*) containing the 
5 ubdesign (Y*, 9’*, %*). Let Z:” be a set of cardinality a such that Z* n X* = 8. 
For each G E 9, replace the group SG E 9’* by a PBD[{k, vz)$ v2], say 
(SG U Z*, %A), and let Tc, U Z”, where Tc, E 3*, be the block of size v3 in this 
design. Let (& U Z*, Sk) and ( TGUZ*, (T,UZ*)) correspond to (Gi U 2, %i) 
and (Hi U 2,9i), respectively, of Construction 4.1. 
Let (Y* U Z*, S*> be a B[k, v1(v13 - a) + a]. Letting (Y* U Z*, 8*) correspond 
to (Y U Z,8) of Construction 4.1, we see that corresponding to (X \J 2, .F) of 
Construction 4.1, we have a B[ k, v,4v2 - a) + a], say (X” U Z*, 8*). 
Clearly (X* U Z”, 9”) contains a subdesign of order v,(v3 -a)+ a, namely, 
(Y” UZ*, 8”). Also, since (X*, Y*, &“) contains a subdesign isomorphic to 
(X, 9’, J@, say (Xl’, 9”, gP”), (Xl’, 5$“) is a B[k, v,]. 
If there is a B[k, v2] containing a subdesign of order u3, then for some fixed 
G E 9, we may let (S, U Z”, %‘A) be a B[k, v,] containing a subdesign of order 2)s 
based on the elements of To U Z*. Let (TG U Z*, %&f$) represent this subdesign. 
Also, if a B[k, v1(v3 - a)+a] has a subdesign of order v3, we may consider 
(Y* U Z*, %*) to be such a B[k, v1(v3 - a) + a] containing a subdesign of order u3 
based on the elements of 7’;, UZ*. Let (T. UZ*, 8**) represent this 
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subdesign. Then the resultant design (X* U Z”, F*) will contain the subdesign 
(S, uz”, (%;;\%I_:)u 8**) which is a B[k, I.IJ containing the subdesign 
(?&JZ*, 8**) of order 21~. Thus the (X* U Z”, S*) contains subdesigns of orders 
u1 v2, v3 and vl(v3-a)fa. El 
As an application of Theorem 4.5, we construct a B[3,37] containing sub- 
designs of orders 9 and 7. Moore’s proof [ 121 of the existence of Steirler triple 
system of order v for every positive integer v = 1, 3 (mod 6) relies heavily on the 
existence of’ triple systems containing subdesigns of order 7. His direct singular 
product cannot be used to construct a Steiner triple system of order 37 containing 
a subsystem of order 7. 
Lemma 4.6. There is a B[3,37] containing subdesigns of order 7 and 9. 
Proof. In Theorem 4.5, let v1 = v2 =7, v3 = 3, a = 2 and k = 3. It is well-known 
that there is a B[3,7] and a B[3,9]. Also there is a TD[3,5]. Thus there is a 
B[3, vl(v2-- a)+ a] = B[3,37] containing subdesigns of orders 7 and 9. Cl 
5. Some preliminwy constructions 
One of our objectives in this paper is to investigate 5{5,9,13}, the closure of 
(5,9, 13). This section contains the descriptions of a number of constructions for 
PBD’s which are central to this investigation. The description usually refer 
specifically to the closed set i5{5,9, 13) even though many of the constructions earl 
be applied to more general closed sets. Before describing these c,hnstructions, we 
give some elementary results on B(5,9, 13) and review some resuhrs from the 
literarure which we require. 
Lemma 5.1. If v E B{5,9, 131, then v = 1 (mod 4). 
Proof. This is immediate from the fact that any element in a PBD[(S, 9, 13}, v] 
occurs only in blocks with sizes congruent to 1 (mod 4.). 0 
emma 5.2 (Hanani, Ray-Chaudhuri and Wilson [6]). For any positive integer t, 
there is a B*[4, 12t+4] (that is, a resolvable B[4,12t+4]). 
Lenuw 53 iI1b;flar-n c4j). If Y = I, 5 (mod 20), then v E[Eg{5}G lE@, 9,13}. 
emma 54. If v E B(S, 9,13}, then 4v + 2 E IE1){5,9,13} NEI(5, II*). 
00f. Since v G D(5 ,9,13}, v -= 4t + 1 for some positive integer t. By Lemma 5.2, 
there is a E3*[4, 12 t +ct] in which the blocks partition into 4t + 1 = v resolution 
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classes. To each block of the ith resolution class, i E { 1,2,*.. . . , II}, adjoin a new 
element, say 00~. Then adjoin the new block 
The resultant design is a PBD[{S, II”), 4~ + 11. 
If, in this design, the block 
is replaced by a PBD[{S, 9, 13}, u], the result is a PBD[(S, 9,13}, 4~ + 11. Thus 
4U + 1 EB{5,9, 13)nlW{5, U*). cl 
Corollary 5.5. For any positive integer t, there is a PBD[{ 5,4 t + l”), 16 t + 5 3. 
Lemma 5.6. If there is a PBD[{S, 9, 13,5*), u], if n E {5,9} and if (u -4) E OA(n), 
then n(u -4)+4Eb{S, 9, 13). 
hoof. Apply Lemma 4.2 where K ={5,9, 131, (X, +!I, J@ is a TD(n, u -4), 
(I’. St, 3) is the subdesign determined by a block A E J& u = 5, and z = 4. Since 
nE{5,9}, n(u--z)+z = n +4e (9, 13}cB{5,9, 13). Thus, by Lemma 4.2, 
n(u-4)+4EB{5,9, 13) as required. q 
Lemma 5.7. If a > 0, a = 9 or 89 (mod loo), therz a EB{~, 9”). 
Proof. Let u-5(u-4)+4. Then u= 1 or 5 (mod 20) which, by Lemma 5.3, 
implies II E B{ 5}. Also, u -4~ 17 or 1 (mod 20) which implies u -4$ 
{2,3,6, 10, 14). By Lemma 2.1, u -4~ OA(5). Thus, the construction of 
Lemma 5.6 with n = 5 implies 5(u - 4) +4 = a E B{5,9*}. 0 
Lemma 5.8. For any positive integer k, if there is a TD(5, 12m + a +4) which 
contaiyts c TD(5, la) as a subdesign, wh.ere OS a ~44m + 1, and if 4m +4c, + 1 E 
iB{S, k”), then 64m +4a + 21 E B(5, k”}. 
Proof. We apply Lemma 4.2 where K == (5, k*}, (X, %, .s$) is a TD(5, 12m + a + 4) 
which contains d TD(5, a) as the subdesigI4 (Y, %‘, B), u = 1601+5, u = 4m + I., 
z = 4m+ 1 -a and n = 5. By Corollary 5.5 there is a PBD[(5,4m + 1*}, 161~ + 53 
and by hypothesis there is a PBD[{S, k”), n(u-z)+z]. Since n(u-z)+z= 
64m +4a 321, 64m +4a +21 ctB(5, k*I as required. G 
CoroUary 5.9. For any positive integers k and ~11, if 4 FII + I E B(5, k”}, then 
64m +21 EI’B{S, k”}. 
roof. For a = 0, 12m+ dz + 4 +! {2,3, 6, 10, 14) and thus, by Lemma 2.1, there is a 
TD(5, 12m +4). Trivially, this contains a TD(5,O) as a subdesign. Thus, the result 
follows. cl 
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CoroRhy 5.10. For any positive integers k and VI, if 4m + 5 EB{S, k”}, then 
64m + 25 E B(5, k”). 
Proof. For a = 1, 12m + a +4 6 {2,3,6,10, 14) and thus there is a TD(S, 12m + 
5 b _ Trivially. ihis contains a TD(5,l) as a subdesign. This establishes the 
result. q 
CogcbUary 5.11, If there is a TD(5,12m + a +4) which contains a TD(5: a) as a 
subdesign, where OGa S4m + 1, and if 4m +4a + 1 M(5,9,13}, then 
64m +4a +21 EB(5,9,13}. 
The proof is almost identical to that of Lemma 5.8. 
In the above constructions, the subdesign TD(5, a) need not necessarily exist 
(see, for example, [13] for the use of incomplete arrays); however, we only use the 
“complete” or common version. 
In the foliowing lemma, we construct what Hanan i calls the truncated transver- 
sal design [5]. 
Lemma 5.12. Zf (4m + k, 4t + k} EB{~, k*) where m > t a0 and if m E OA(6), 
then 20m + 4t + k EI&{S, k*). 
Proof. Since m E OA(6), there is a TD(6, m). Remove m - t elements from one 
group of a TD(5, m) to obtain a GDD (X, 3, J@ with block sizes From {5,6) and of 
type (Pm”). 
It is well-kncwn that there is a TD(5,4) and one can obtain a \“rDD with block 
$ize 5 and type: (46) by removing one variety from a B[5,25]. 
If each element of the GDD (X, 9, Se) is assigned a weight 4, then, by the 
Fundamental Construction of Wilson [24], on3 can use the above two GDD’s to 
construct aa GDD (X*, 48*, d*) with block size 5 and of type ((4t)‘(4m)5). Let 2 
be a set of k elements such that Z nX* = 9. Since (42 + k, 4m + k&B(5, k”), we 
can adjoin the subdesign (2, (2)) to the GDD (X*,3*, d*) to obtain a 
PBD[{S, k”}, 20m +4t + k], as required. iz1 
Corollary 5.13. If 4m + k EB{S, k*) and 4t + k ED(S), where m 3 t 2 0, and if 
m E 0A(6), then 2Om + 4t + k C B(5). 
roof. As in the above Lemma, we adjoin the subdesign consisting of the ?illgle 
block Z to each of the gr~qs of size 4m. We replace the group of size Cat, say G’, 
by a Et[5,4t + k J defined or G’U 2. FinalCy remove the 5 copies of the block 2. 
This results in the eleme.ats of 2 being adjoined to the 4SDD (X*, S*, ~2”). 0 
-JJ’ {hrn + k, 4t + k}cB{S, 9,13, k*} where m 2 t 20, and if m E 
OA(GJ, t lien 20m +4t + k E B{5,9,13, k*). Furthermore, if k EB{~, 9,13}, then 
there is h PBD[(S, 9, 13}, 20m + 4t + k] which contains a subdesign of order k. 
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The proof is similar to that of Lemma 5.12. 
Corollary 5.15. If 4m + k EB{~, 9,13, k*) and 4t + k EB{~, 9,13}, whebpe m3 t > 
0, and if m E OA(6), then 20~ +4t + k EB{~, 9,13}. 
The proof of this is similar to Co_ Jlary 5.13. 
Corollary 5.16. 1f 4nz + k ~lE!!{5,9,13, k*} and if m ~0A(5), then 20~ + k E 
B{5,9,13, k*). Furthermore, if k EB{~, 9,13}, then there is a 
PBD[{S, 9,13}, 20m + k] which contains a subdesign of order k. 
Proabf. This is Corollary 5.14 
TD(6, m) is expunged leaving 
OA(5). Cl 
with t == 0 which implies an entire group of a 
only a TD(5, m). Thus it is sufficient for m E 
6. S-Heads and generalized replication numbers 
By 1 5-head of order v we mean a PBD[{S, 9,13}, U] containing an ideal 
element, say 00, which occurs only in blocks of size 5. Clearly, ZI= 1 (mod 4). By 
the generalized replication number of a 5-head of order o we mean the integer 
$(u - 1). The following lemma is similar to Theorem 6.1 of [14]. 
Lemma 6.8. The set GR = {$(v - 1) 1 u is the order of a 5-head} is PBD-closed; 
that is, if there is a PBD[GR, u], then v c GR. 
roof. Let (X, &) be a PBD[GR, u]. Consider the GDD (X, 9, J@ where each 
element of X is in a distinct group of Sp. 
If we lcmove the ideal element from any 5-head of order 4a + 1 and take those 
blocks from which the ideal element has been removed to be groups, then the 
result is a GDD with block sizes from {5,9,13} and of type (4”). 
W’ith such CDD’s, every element of (X, Sp, &) may be assigned a weight of 4 
and the Fundamental Construction of Wilson [23] produces a GDD (X*, Y*, d”) 
of arder 4~ with block sizes from (5,9,13} and of type (4”). If an ideal element is 
adjoined to each group of Z?‘*, lhe result is a 5-head of order 4v + 1. Thus u E GR 
which establishes that GR is PBD-closed. cl 
If v>O and v=2 or 1 (mod5), then VEGR. 
If v = 0 or 1 (mod 5), then 4v + 1 = 1 or 5 (mod 20). By Lemma 5.3, 
4v + 1 eIEg(5) and thus v E GR. Cl 
If v > 2 and v = 2 or 22 (mod 23, &en v E GR. 
94 R.C. Mdlin, P.J. Schelienberg, S.A. Vanstone, W.D. Wallis 
Proof. Since u > 2 and u = 2 or 22 (mod 25), 4v + 1>9 and 4u+ 1~9 or 89 
(mod 109). By Lemma 5.7, 4u + 1 EB{~, 9*}. Since 4~ -t 1 > 9, there is at least one 
element in any PBD[{S, 9*), 4~ + 1] which is contained only in blocks of size 5 and 
such a PBD is a 5Jsead. Therefore . u E GR. Cl 
Lemma 6.4. B{5,9,13}c GR. 
Proof. Let u EB(S, 9, 13). By Lemma 5.4, 4u+ 1 EB{~, u*}fW{5,9, 13) which 
implies there is a 5-head of order 4uf 1. Therefore, u E GR and it follows that 
8(5,9,13)cGR. iI 
By a pseudo-replication umber we mean a member of the set 
PR = {n j4n f 1 E B(5,9,13}}. 
This immediately inplies 
Lemma 6.5. GR s PR. 
Lemma 6.6. If II E PR, 4v + 1 E CR. 
Proof. Since u E PR, 4v + 1 E B(5,9,13} c GR. 0 
Lemma 6.7. If {m, t) c YR, m attO, and if rn~OA(6), then Zm+tePR. 
ProoE. This is precisely Corollary 5.14 with k = 1. Cl 
Corohry 6.8. If, in additior; to the hypothesis of Lemma 6.7, one of m or t is in 
GR, rhen 5m+ t EGR. 
Proof. In the construction of Corollary 5.14, we can replace one of the groups of 
(X”, %*, J@) by a 5-head of the appropriate order. The element of the group 
corresponding to lthe ideal element of the 5-head is contained only in blocks of 
size 5. Thus the resultant design is a 5-head. U 
emma 6.9. !f {s, t) G B(5 7 9,13} and if s E OA(t), then st EB{5,9,13}. 
roof. Replace each group of a TD(t, s) by a PBD[{S, 9.131, s] and each block of 
a TD(t, s) by a PBD[{5,9, 13}, t]. The result is a PBD[{S, 9,13}, st] and thus 
st EB(5,9, 13). El ’ . 
emma 6.10. If’ {s, t) ~iL:5,9,13) and if s-leOA( then (s-l)t+lE 
8(5,9, 13). 
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Proof. Adjoin a new variety, say 00, to each group of a TD( t, s- 1). The result is a 
PBD[{s, t), (s -- l)t+ 11. Replar:e each block of size s by a PBD[{S, 9, 13}, s ] and 
each block of size t by a PBD[{S, 9,13}, t]. The result is a PBD[{5,9, 13}, 
(s - 1)t + 11, as required. •! 
We are now in a position to prove 
Lemma 6.11. If OC ZJ c 82 and if 
v$ {4,7,8, 12,14, 17,19,23,24,32,33,34,59,63,69,79), 
thepz v E PR. 
Proof. By Lemma 6.2, if v >O and u = 0 or 1 (mod 5), then v E GRc PR. L 
Lemma 6.3, if v > 2 and u = 2 or 22 (mod 25), then v E GRE PR. 
The following Table 1 considers all the other values of v. 
Table 1 
u Authority Parameters Is u also in GR? 
2 definition 
3 definition 
9 Lemma 6.4 
13 Lemma 6.4 
i8 Noie i 
28 Lemma 6.‘7 
29 Lemma 6.9 
37 Lemma 6.6 
38 Corollary 5.11 
39 Lemma 5.6 
42 Note 2 
43 Corollary 5.15 
44 Corollary 5.11 
48 Lemma 6.7 
49 Lemma 5.14 
53 Lemma 6.6 
54 Lemmz 6.7 
57 Lemma 6.7 
58 Lemma 6.7 
62 Lemma 5.6 
64 Lemma 6.7 
67 Lemma 6.7 
68 Lemma 6.7 
73 Lemma 6.6 
74 I ,emma 6.‘: 
78 Lemma 6.7 
No 
No 
Yes 
Yes 
? 
m=5, t=3 Yes 
s=13, t=9 ? 
v=9 Yes 
m=2, a=1 Yes 
n =9, u=21 ? 
? 
m=8, t=2, k=5 Yes 
m =2, a =7, Note 3 Yes 
m=9, t=3 Yes 
m = 8, t = 8, k = 5 Yes 
u =13 Yes 
m = 9, t = 9 Yes 
m=ll, t=2 Yes 
m=ll, t=3 Yes 
n=5, u=53 Yes 
m=ll, t=9 Yes 
m=13, t=2 Yes 
m=13, t=3 Yes 
u = 18 Yes 
r?1=13, t=9 Yes 
rn=15, t=3 Yes 
It is well-known that there is a finite projective plane of order 8 which is 
a B[9, 731. Thus i(73 - 1) = 18 E PR. 
96 R.C. Mullin, P..?. Scizellenberg, S.A. Vanstone, W.D. Wallis 
Note 2. There is a finite Euclidian plane of order 13 which is a B[13, 1691. Thus 
;(169-l)-42cPR. 
Fdote 3. We require a TD(5,35) with a TD(5,7) as a subdesign. The direct 
product construction for pairwise orthogonal Latin squares (POLS) permits the 
construction of 3 POLS of order 35 using 3 POT of order 5 and 3 of order 7. 
The resultant POLS of order 35 have sub-POLS of order 7 and thus there is a 
TD(5,35) which has a TD(5,7) as a subdesign. [7 
Lemma 6.12. if m c OA(‘I0) and if {m, 2m, s, t}c PR, where m 3 s 3 t > 0, then 
9m+s+~PR. 
Proof. In preparation for applying Wilson’s Fundamental Construction, we con- 
struct the followmg three GDD’s. 
Adjoin a new variety, say 8, to each group of a TD(5,8) to obtain a 
PBD[{S, 9}, 411. Delete a variety xf 0 from this BBD and consider those blocks 
from which x has been expunged as groups. The resultant GDD has block sizes 
from (5,9} and is of type (48S’). 
Consider the PBD[{S, 91,453 which is the associated PBD of a TD(5,9). Delete 
a variety x and consider those blocks from which x has been expunged as groups. 
The result is ;a GDD with block sizes from {5,9} and of type (4%‘). 
By Lemma 5.4, there is a PBD[{S, 9*}, 371. Let x be a variety in the block of 
size 9. The GDD obtained by deleting x has blocks of size 5 and is of type (4781). 
Note that in the foliowing corollary, we make use of the fact that any element 
which occurs in a group of size 8 in any of these three GDD’s occurs only in 
blocks of size 5. 
Let (X’, %‘, d’) be a TD( 10, m) where %’ = {G,, G2, . . . , Glo}. Delete w( - s 
varieties from G1 and m - t from G2 to obtain (X, 3, J@. Assign a weight of 8 to 
each variety of G3 and a weight of 4 to all the other varieties of X. Apply the 
Fundamental Construction to obtain a GDD (X*, ?J”, &*) with block size.s from 
{5,9) and of type ((4~)‘(4t)‘(8m)‘(4m)~). Adjoin a new element to each group 
and replace each poup by a PBD with block sizes from {5,9,13}. Such PBD’s 
exist since {m, 2m, s, t}c PR. Thus 36sn +4s +4t + 1 EB{~, 9,131 or equivalently 
9m + s + t E PR, as required. 0 
Corollary 6.13. If, in addition to the hypothesis of Lemma 6.12, 2171 E GR, then 
9m+s+:~GFc. 
oof. This follows since any point in a group of size 8m in (X*, %3*, J&“*) occurs 
only in blocks of size 5 and since 2m E GR. Cl 
In the following Tab1.e 2, we express the integers from 1 to 32, excluding 3,4, 
and 8, as the sum of at most two summands from GR using summands as small as 
possible. 
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Table 2 
97 
n 
-I_ 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
a+b n a+b 
1 
1+1 
5 
5+1 
6+1 
9 
5+5 
6+5 
6+6 
13 
9+5 
9+6 
10+6 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
--.- - 
11+6 
9+9 
10+9 
lO+ 10 
11+10 
ll+ll 
13+10 
13+11 
15+ 10 
13+ 23 
16+ 11 
15+13 
16+ 13 
15+15 
16+ 15 
16 -I- 16 
We can express 3,4 and 8 as the sum of two elements from PR; namely 
3=2+1, 4=.2+2 and 8=5+3. Also 13= 10+3, {10,3)~PR. 
For v =9,11,13, define 
D(v)={n~3a,b~PR,v~a~b,n=a+b}. 
Thus we have that 
D(9) ={O, 1,2,. . . ) 12,14,15,18}, 
D(ll)={O, 1,2,. . . ,22}, 
D(13) = (0, 1,2, . . . ,24,26). 
Lemrrna 6.14. Fat 3 E {9,11,13}, 
(9v-kn )nED(v))EPR. 
Proof,, Since {9,11,13}~OA(l0) and since {9,18,11,22,13,26}~PR, by 
Lemma 6.12 the result follows. I! 
Lemma 6.15. {80,81,82, . . . , 143}\{94,98, i42)~ PR. 
soof. By Lemma 6.14, for v = 9, 
(81,82,. . . ,93,95,96,99} c PR; 
for v=ll 
{99,100,101,. . . , 12l)cPR; 
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and for v = 13 
{117,118,119,. . ., 141,143)EPR. 
Since 97 = 22 (mod 25), Lemma 6,3 implies that 97 E GRc PR. 0 
Lenrma 6.X. If {x,x+l,x+2,m,s,t)EGR where m%>taO, and if me 
OA(x -t- 2), then mx + s + t E GR. 
Proof. I lelete m - s varieties from one group of a TD(x + 2, m) and m - t from 
another. The associated PBD is a PBD[{x, x + 1, x + 2, m, s, t)? mx + s + t]. 0 
Lemma 6.1.7. :!44,145,146, . . . , 178}\{148)cGRcPR. 
Prooff. From Table 2, we see that every integer of (0, 1,2, . . . ,32}\{3,4,8} can 
be represented as the sum of at most two elements from 
{ 1: 5,6,9,10, 11,13,15,16} c GR. Furthermore 16 E OA(l1). Thus, Lemma 6.16 
with x = 9, WI = 16 implies that, for r ~{0,1,2, . . . ,32}\{3,4,8}, 9.16+ I’ E GRc 
PR. Therefore 
{144,145,246,. . . , l76}\{147,148,152}~PR. 
Since 147 = 22 (mod 25) and ‘152~2 (mod 2.5), Lemma 6.3 implies (147,152)~ 
GRzPR. •1 
Theore:rr;n 6.18. If v 3 225, then v E PR. 
Proof. Lemmata 6.2 and 6.3 imply that for u =C, !, 2,5.6, loI 11, 15, 
16,2C, 2 I,22 (mod 25), v E GE 1~ PR. Thus we need only consider the remainjng 
congruence classes modulo 23. Let 
v=25n+s=5m+t. 
Table 3 below shows for what values of n Lemma 6.7 implies v E PR. Thus we 
have for v 2 225, v E PR except possibly for v E (224,249). Lemma 6.12 with 
m = 25, s = 10, t = 9 implies 244 E PR. Lemma 6.7 with m = 48 and t = 9 nnplies 
249~PR. 0 
Lenuna 6.19. (98,148, 187, 192, l94,199,212,217,219,224}~PR. 
roof. Table 4 establishes the existence for most of thcsc cases. 
In {19], it is shown that there are three pairwise orthogonal Latin squares 
(PGU) of ord er 17 containing sub-POLS of order 4. Since there are three POLS 
of order 11 having a common transversal and since there are three POLS of order 
13 the singular direct product [I71 for POLS guarantees the existence of three 
PO= of order 1 l( 17 - 4) + 4 = 147 containing sub-POLS of orders 4,11,13, 17. 
Thus there is a TD(5,147) which mntains a TD(5,ll) as a subdesign. Since 
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Table 3 
s m t m-w range 
3 5n 3 n 0, n # 2,4,6 > 
4 5n-5 29 n>7 
7 5n-4 27 n>6 
8 5n-4 28 n>6 
9 5n 9 n > Z 2, n 4.6 
12 5n-5 37 n>8 
13 5n 13 n > 2, n + 4,6 
14 5n+ 1 9 n>l,n#5 
17 5n-4 37 n>8 
18 5n+ II 13 n > 2, n f 5 
19 5n+5 44 n>9 
23 5n+ 1 18 n>3,n#5 
24 5n-4 44 n>9 
Tab’e 4 
.- 
v Authority Parameters 
98 Corollary 5.14 m=t= 16, k=9 
148 Lemma 6.7 m=27, t= 13 
187 Lemma 6.7 m=37, t=2 
194 Lemma 6.7 m=37, t=9 
212 Lemma 6.7 m=37, t=27 
217 Lemma 6.6 Q=54 
219 Lemma 5.6 n=9, u= 101 
224 Lemma 5.7 m=43, t=9 
89EB{5,9,13}, Corollary 5.11 with y1= a = 1.1 implies 64*11++ 11+21=769E 
B{5,9,13} or, equivalently, 192 E PR. 
Since there are three POLS of order 9 having a common transversal and since 
there are three POLS of order 18, the singular direct product yields three POLS 
of order 9(18- l)+ 1 = 154 containing sub-POLS of orders 1,9, 17,11X Thus 
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there 1s a TD(5,154) containing a TD(5,18) as a subdesfgn. Since 117 E 
B{5,9,13}, Corollary 5.11 with n= 11 and a = 18 implies that 
64*11+4~18+2P=‘197EeB(5,9,13} or equivalently, 199EPR. Cl 
Lemma 6.20. If m E 0A(9) and if, for 0 G t s m, (5 m, 4t + m) E 8{5,9,13}, then 
4lm +4t EB{5,9,13}. 
Proof. Since there is a TD(6,8), there is a TD(5,8) in which the blocks partition 
into 8 resolution classes (parallel classes). Adjoin a new element, say 00, to each 
group of this TD(5,8) to obtain a PBD[{5,9), 411. How consider the blocks of one 
resolution class together with the singleton set {~a} to be groups. This GDD has 
block sizes from {5,9) and is of type (1’58). 
Since m E OA(9), there is a TD(9, m). Assign a weight 1 to m - t elements of one 
group of this GDD and assign a weight 5 to the t other Tlements of the same 
resolution class to be groups. The resultant GDD has block sizes from {5,9} and is 
of type (59). 
Since m E OA(9), there is a TD(9, m). Assign a weight 1 to m - t elements of 
ens; group of this GDD and assign a weight 5 to the t other elements of the same 
group and also to all the other elements of the GDD. Using the GDD’s of types 
(1 158) and (59) constructed above, we can apply Wilson’s Fundamental Construc- 
tion [24] to obtain a GDD with block sizes from {5,9} and of type ((4t + 
m)‘(5m)‘). Since (4t + m, 5m) E B{5,9,13}, 40m + m +4t = 41 m -t- 4f E 8(5,9,13), 
as required. 0 
CoroZlary 6.21. 179 E PR. 
Proof, Sirlce m = 17 FI OA(9), since 5112 =85 E E{5,9,13) and since m +4t = 
17+4*5=37EB(5,9,13), 41m+4t=41*17+4~5=717~B(5,9,13}. Therefore 
$(717-l)= 179EPR. 0 
ema 6.22. 63 E PR. 
roof. Let (X,Y’, dj be the GDD obtained by considering each point of a 
B[5,21] as a group. Assign a weight 12 to each point of this GDD. Since there is 
a TD(5, 12), we can use the Fundamental Construction of Wilson [2~:] to 
construct the GDD (X*, Sp”, &*) with block sizes 5 and of type (122’). Adioin a 
new point to each group of this design. The result is a PBD[{S, 13}, 2531 which 
implies $(253 - 1) = 63 E PR. I23 
3. If 200 and 
v$ (4,7,8, 12, 14, 17, :19,23,24,32,33,34,59,69,79,94,142}, 
then v E PR. 
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Proof. If we restrict our attention to u such that 0 < o < 179, the result foliows 
from Lemmata 6.11, 6.15, 6.17, 6.19 and 6.22. Table 3 in Theorem 6.18, and 
Lemmata 6.19 and 6.21 imply the result for v 3 179. Cl 
From the definition of the set PR, we obtain 
Theorem 6.24. If v > 0 and 
v$ (17,29,33,49,57,69,77,93,97,129,133,137,237,277,317,377,569), 
then v E 8(5,9,13}. 
7. The closure of {5,9,13,17} 
Tbwem 7.1. 8{5,9,13,17) contains all positive integers congment to 1 (mod 4) 
witii the possible exceptions of 29,33,49, 57,93,129,133. 
PROOF. Since B{5,9,13}~EB(5,9,13,17} by Theorem 6.24, we need only show 
that 
(69,77,97,137,237,277,317,377,569)c8(5,9,13, 17). 
Wilson [24] has shown that 97 ~8{5,17) and 77 EB{~, 13,1’7,17”). Muliin et al. 
[14, Theorem 6.21 have shown 137 c B(9,17*}. We app(:al to the constructions in 
Section 5 with B{5,9, 13) replaced by B{5,9, 13,17}. (See Table 5.) 
Table 5 
V - 
69 
237 
27-i’ 
317 
377 
569 
Authority 
Lemma 5.4 
Corollary 5.14 
Lemma 5.4 
Corodary 5.15 
Corollary 5.14 
Corollary 5.14 
Parameters 
. v=17 
m=ll,t=4,k=l 
v=69 
m= 15, t=3, k=5 
m= 15, t= 15, k= 17 
m=25, t= 17, k= 1 
This establishes ttie result. f3 
Using the result of D.R. Stinson [20) that there is a frame of order v for each 
prime power v = 1 (mod 4),, we have 
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YhtOrem X2. For F = (~1 there is a frame F(U I}, 
FXI(5.9, 13, l?}u(29,49} 
~(4v -I- 110 ct positive’ integer)\{33,57,93,129,133). 
As a result of our investigation of B&9,1 A 3 17) we also have an independent 
proof of the following result of Wilson [24]. 
B6.9, 13, 17,29,33,49,57,93,129! = (v 1 v = 1 (mod 4), v > 0). 
P8x&. Using the proof of Lemma 5.4, it follows that 133 = 4.33 + 1 E: 
8(5,33*). a 
Added in pmof. Wang 126, p. 611 exhibits a PBD[(s: 29}, 129-j obtained bY R.M. 
Wilson. Hence, for F as defined in Theorem 7.2, 129 E F and Lemma 7.3 can be 
strengthened as f9110ws: 
B-is, 9,13,17,29,33,49,57,93) = {u ] v = 1 (mod 4), v >OI. 
l~awless [lo] has shown that the set 
R = {v 1 there is a Room square of order U} 
is PBD-closed and it follows similarly that 
S= {II 1 there is skew Room square of order V} 
is also PBD-closed. Thus if we can construct a PBD[S, v] using the methods Of 
Section 4, then u E S. Thus the indirect-singular product for PBD’s may be used to 
construct skew squares. 
We conclude IJY looking briefly at the set S7 consisting of those positive inte,gers 
v such ‘hat there is a skew square of order v containing a skew subsquare Of Order 
7. we use Theorem 7.2 to establish 
mRma 8A If v is a positive integer, v = 7 (mod 24) and uf 199, then P e ST* 
Since there is an ~(5) and a skew square 0: order 7, Theorem 3.1 with 
vp5, vp7, 2)3= I impIies there is a skew square cf order 31z 5(7 - 1) -t- 1 
containing ;I skew subsquare of order 7. 
since by ‘Theorem 7.2 there is a frame F(u) of order v = 4t + 1 for all t except 
PossiblY t E (8, 14,23,32,33}, by Theorem 3.2, there is a skew square of order 
On the existence of frames 103 
(48 + l)(? - 1) + I = 24,t + 7 for all such t. Furthermore. Theorem 3.1 guarantees 
that such skew squares contain skew subsquares of order 7. 
For t= 14, 24t+7=343=73czS,. For t=23, 24*?+7=559. Since 63=7_9E 
S,, 559=9(63-l)+lES, by Theorem 1.1. For t=32, 24+1-7=775=31*25~ 
S, by Theorem 1.1 since 31~S,. For t-=33, 24t+7=799=33(31-7)+7& by 
Theorem 1.1 since 31 E S7 and 33 E S. This establishes the result. 0 
Lemma 8.2. 199 E ST. 
Proof. We apply Mullin’s indirect singular product [ 13, Theorem 2.21 with u1 = 7, 
u2=31, 2)3= 7 and a = 3. Since we can use the direct product construction to 
obtain a pair of orthogonal Latin squares of order 4 l 7 = 28 containing orthogonal 
Latin subsquares of order 4, there is an IA(28,4). Since there is a skew square of 
order ~~(~~-a)+a =31, there is a skew square of order u~(u~--u)+u= 199 
containing a skew subsquare of order 7; that is, 199 E S7. 0 
Lemmata 8.1 and 8.2 imply 
Theorem 8.3. {u 1 u = 7 (mod 24), u > 0) E ST. 
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